Abstract. The theory of minimal K-types for p-adic reductive groups was developed in part to classify irreducible admissible representations with wild ramification. An important observation was that minimal K-types associated to such representations correspond to fundamental strata. These latter objects are triples (x, r, β), where x is a point in the Bruhat-Tits building of the reductive group G, r is a nonnegative real number, and and β is a semistable functional on the degree r associated graded piece of the Moy-Prasad filtration corresponding to x.
Introduction
The theory of unrefined minimal K-types for representations of p-adic reductive groups arose as a response to two a priori distinct problems concerning admissible representations of GL n . First, Bushnell and Frölich [9] introduced the notion of a fundamental stratum contained in a representation and showed that for representations containing a fundamental stratum, the stratum could be used to to calculate the constants in the functional equation of a zeta integral. Bushnell [8] later proved that any irreducible admissible representation of GL n contains a fundamental stratum. In another direction, Howe and Moy [22, 17] , motivated by work of Vogan [29] on representations of real groups, developed a theory of unrefined minimal K-types for GL n in order to better understand the parameterization of irreducible representations. In particular, they were interested in establishing a well-defined notion of the depth of a representation V by studying the congruence level of compact subgroups that fix a vector in V . In retrospect, one sees that fundamental strata and unrefined minimal K-types contain equivalent information about admissible representations of GL n with positive depth.
Let F be a local field. Suppose that P ⊂ GL n (F ) is a parahoric subgroup that is the stabilizer of a lattice chain L of period e P , and define P r to be the r-th congruence subgroup of P for r ∈ Z ≥0 . An unrefined K-type of depth r/e P is a character of P r with P r+1 in the kernel; it is contained in a smooth representation V of GL n (F ) if the restriction of V to P r has a subrepresentation isomorphic to β (viewed as a representation of P r trivial on P r+1 ). A minimal unrefined K-type of 1 V is an unrefined K-type contained in V with minimal depth. On the other hand, a stratum of depth r/e P is a triple (P, r, β) with β a degree −r endomorphism of the lattice chain L. Two strata (P, r, β) and (P, r, β ′ ) are equivalent if β − β ′ has degree −r + 1. If r > 0, then a construction involving the trace form on gl n (F ) identifies β with a character of the quotient of congruent subgroups P r /P r+1 ; hence, an equivalence class of strata determines an unrefined K-type of the same depth. We say that a stratum of positive depth is contained in V if the corresponding unrefined K-type is. A stratum is called fundamental if β n has degree no lower than −nr for all integers n, that is, the associated graded endomorphism of β is not nilpotent. It turns out that the strata contained in V of minimal depth are precisely the fundamental strata contained in V , as long as this minimal depth is positive [8, 17] . Thus, these fundamental strata correspond to the minimal unrefined K-types of V . This theory plays a vital role in the classification of supercuspidal representations with wild ramification [10, 19] as well as in the proof of the local Langlands conjecture for GL n [15, 16] .
The theory of minimal K-types was generalized to reductive p-adic groups by Moy and Prasad [23, 24] . Given any point x in the Bruhat-Tits building of such a group G, they defined a decreasing R ≥0 -filtration {G x,r } on the parahoric subgroup G x = G x,0 with a discrete number of jumps [25, 23] . If G = GL n and x is a barycenter of a simplex corresponding to a parahoric subgroup P , then the jumps occur at 1 eP Z and P j = G x,j/eP . In the general setting, an unrefined minimal K-type (at least for r > 0) is a triple (x, r, β) with β a character of the corresponding quotient group. The main result of [23] is that every irreducible admissible representation V of G contains a an unrefined minimal K-type. Moreover, if one defines the depth of V to be the smallest r appearing in a stratum contained in V , then a stratum (x ′ , r ′ , β ′ ) contained in V is fundamental if and only if r ′ = r. Recent work on the wild ramification case of the Langlands conjectures suggests that fundamental strata also play a role in the geometric setting. Somewhat unexpectedly, the applications so far have been on the "Galois" side of the correspondence. Let G be a complex reductive group with Langlands dual L G, and let F be the field of complex Laurent series C((z)). In the geometric Langlands program, the role of Galois representations is played by monodromy data associated to flat L G-bundles: over a smooth complex curve X or the formal punctured disk ∆ × = Spec(F ) depending on whether one is in the global or local context. Consider, for example, the case G = GL n , so that a flat L G-bundle on X is just a rank n meromorphic connection. For regular singular connections, i.e., those whose connection matrix at each singular point can be chosen to have simple poles, the monodromy data is just a representation of the fundamental group. Most previous analyses of geometric Langlands have concentrated on such connections; indeed, a correspondence has been proved by Frenkel and Gaitsgory in the "tame" case, where the connections considered are regular singular with unipotent monodromy [12] .
However, much less is known about the wild case, where irregular singularities are allowed. Here, one must also include "wild" monodromy data. This consists of a collection of Stokes matrices at each singular point, describing the "jumps" in the asymptotic behavior of a horizontal section as it is analytically continued around each irregular singularity. Thus, the Stokes data is simply an enhancement of the usual monodromy data, which allows one to establish a Riemann-Hilbert correspondence for irregular singular connections [21, Chapitre IV] . The deviation of an irregular singular connection from the regular singular case, or equivalently the complexity of the Stokes data, is measured by the slope of the connection. By analogy with the p-adic case, a geometric theory of minimal K-types ought to recover discrete invariants such as the slope (akin to the depth of a representation) and yield information about the moduli stack of flat G-bundles. Moreover, it should illuminate certain transcendental invariants such as the irregular monodromy map, just as the classical theory was used to calculate constants in the functional equation of zeta integrals.
The classical approach to studying the local behavior of meromorphic connections on curves makes use of the naive "leading term" of the connection. Let V be a trivializable rank n vector bundle on P 1 endowed with a meromorphic connection ∇, and assume that y ∈ P 1 is an irregular singular point. After choosing a trivialization for V and a local parameter z at y, ∇ has the local description
where M j ∈ gl n (C) and r ≥ 1. The matrix of the connection
is a gl n (F )-valued differential form. It is easy to recast this viewpoint in terms of the language of strata and minimal K-types.
] for the ring of formal power series at y, and consider the lattice chain L = z i o n ) in V (F ) ∼ = F n with stabilizer the maximal parahoric subgroup GL n (o). If we choose a vector field τ that vanishes to first order at y (e.g., τ = z We conclude that the matrix [∇] determines a stratum (GL n (o), r, [∇ τ ]) (resp. an unrefined Ktype (GL n (o), r, φ)) in the classical sense, and both are entirely determined by the "leading term" M −r dz z r+1 . Furthermore, if M −r is nonnilpotent, then the stratum (resp., K-type) is fundamental (resp. minimal). The case when M −r is regular semisimple has been studied extensively in the literature [2, 18] , and the contribution of the leading term to the Stokes data is well understood.
However, this perspective is much less useful when the leading term is nilpotent, as is the case for many irregular singular connections that arise naturally in the geometric Langlands program. Indeed, one expects that connections corresponding to cuspidal representations will have nilpotent leading term with respect to the filtration above independent of the choice of trivialization. For example, Frenkel and Gross have constructed a flat G-bundle (for any reductive G) which corresponds to the Steinberg representation at 0 and a certain "small" supercuspidal representation at ∞ [13] . Here, the leading term at the irregular singular point at ∞ is nilpotent. More concretely, Witten considers a connection of the form
which has a nilpotent leading term at 0 [30] . When r = 1, this is the GL 2 case of the Frenkel-Gross flat G-bundle with the roles of 0 and ∞ reversed.
In [3] , the authors introduced a new notion of the "leading term" of a flat connection by developing a geometric theory of strata for GL n . We define a stratum to be a triple (P, r, β) as above, but here β is a C-linear functional on the quotient of congruent subalgebras P r /P r+1 . This functional gives rise to a degree −r endomorphism on the lattice chain L corresponding to P . Thus, the geometric theory combines aspects of both the classical theories of strata and K-types. There is little difference except when r = 0, since otherwise this quotient is isomorphic to P r /P r+1 . The stratum (P, r, β) is contained in the formal connection (V ,∇) if [∇ τ ] and β induce the same degree −r endomorphism on L. One views β as the leading term of∇ with respect to the filtration determined by P . Every formal connection contains a fundamental stratum. Moreover, if (P, r, β) is contained in (V ,∇), then r/e P ≥ slope(V ,∇) with equality precisely when the stratum is fundamental.
A fundamental stratum contained in (V ,∇) should provide a coarse approximation to the local behavior of the connection and its solutions. This can be seen most strikingly when the fundamental stratum is regular, a condition introduced by the authors generalizing the classical assumption of regular semisimplicity of the naive leading term [3] . Consider, for example, the collection of meromorphic connections (V, ∇) on P 1 with singularities at y = (y 1 , . . . , y m ) such that the localization at y i contains a regular stratum. One can construct the moduli space of such connections as a Poisson manifold M(y, r). Moreover, the construction of this moduli space is "automorphic", i.e., it is realized as the Poisson reduction of products of smooth varieties describing local data at the singularities. Finally, the monodromy map induces an integrable system on M(y, S, r), and the authors have analyzed the relationship between the monodromy foliation and the corresponding regular strata in [4] .
The goal of this paper is to generalize the geometric theory of strata and its application to formal G-bundles for an arbitrary reductive group G over an algebraically closed field of characteristic 0. A stratum is a triple (x, r, β) where x is a point in the Bruhat-Tits building forĜ def = G(F ), r ∈ R ≥0 , and β is a functional on the r-th stepĝ x,r /ĝ x,r+ in the filtration onĝ = g(F ) determined by x. Our main results, given in Theorems 3.15 and 3.19, are the geometric analogue of Moy and Prasad's theorem on minimal K-types for admissible representations of p-adic groups. We show that any formal flat G-bundle (G,∇) contains a fundamental stratum (x, r, β) with r a nonnegative rational number and all such stratum have the same depth. We thus obtain a new invariant of a flat G-bundle called the slope, generalizing the classical definition for flat connections. We remark that there is no previous general definition of the slope of a formal flat G-bundle, though Frenkel and Gross have defined it for certain∇ [13] ; for these∇, our definition coincides with theirs. We further show that (G,∇) is irregular singular if and only if slope(∇) > 0. Finally, we prove that a stratum (x ′ , r ′ , β ′ ) contained in the formal G-bundle∇ satisfies r ′ ≥ slope(∇), and in the irregular singular case, it is fundamental if and only if r ′ = r.
Moy-Prasad filtrations
Let k be an algebraically closed field containing R, and let G be a connected reductive group over k with Lie algebra g. Fix a maximal torus T ⊂ G with corresponding Cartan subalgebra t. Let N = N (T ) be the normalizer of T , so that the Weyl group W of G is isomorphic to N/T . We denote the set of roots with respect to T by Φ; if α ∈ Φ, U α ⊂ G is the associated root subgroup and u α ⊂ g is the weight space for t corresponding to α. We will write Z for the center of G and z for its Lie algebra. We fix a nondegenerate invariant symmetric bilinear form , on g throughout. Finally, we denote the category of finite-dimensional representations of G over k by Rep(G).
Let F = k((z)) be the field of formal Laurent series over k with ring of integers
, and let ∆ × = Spec(F ) be the formal punctured disk. We setĜ = G(F ) andĝ = g ⊗ k F ; note thatĜ represents the functor sending a k-algebra R to G(R((z))). We will use the analogous notationĤ andĥ for any algebraic group H over k.
2.1.
Filtrations on loop group representations. LetB be the Bruhat-Tits building ofĜ and B =B × (X * (Z) ⊗ Z R) be the enlarged building. We will viewB as a subset of B via the zero section. The standard apartmentsĀ 0 =Ā(T ) ⊂B and
Recall thatB and B are both subdivided into facets; a facet inB is a polysimplex while the facets in B are the pullbacks of facets inB under the projection B →B. Given x ∈ B, we letĜ x ⊂Ĝ (resp.ĝ x ⊂ĝ) denote the parahoric subgroup (resp. subalgebra) corresponding to the facet containing x. The groupĜ x is the connected stabilizer of x; it is a finite index subgroup of Stab(x). Explicit generators will be given below. The parahorics only depend on the image of x inB. The maximal parahoric subgroup [6, 7, 28, 20] for more details.
Points in A 0 may also be viewed as elements of t. Recall that the Lie algebra t ′ of any split torus T ′ over k is canonically isomorphic to X * (T ′ ) ⊗ Z k; the map is induced by sending a cocharacter λ to dλ (1) . If k ′ is a subfield of k, we let t
, and we writẽ x ∈ t R for the image of x ∈ A 0 . Remark 2.1. We impose the hypothesis that R ⊂ k so that the map A 0 → t, x →x is defined. However, we will see later that the main results of the paper hold for any algebraically closed field of characteristic 0.
Let V be a finite-dimensional representation of G over k, and letV = V ⊗ k F be the corresponding representation ofĜ. For any x ∈ B, Moy and Prasad have introduced a decreasing R-filtration {V x,r | r ∈ R} ofV by o-lattices [14, 23] . We briefly review the construction. Since gV x,r =V gx,r , it suffices to define the filtration for x ∈ A 0 . In this case, the filtration can be obtained from an R-
The r-th graded subspace is defined to be
Note that the set {r |V x,A0 (r) = 0} is discrete and closed under translations by Z. For any r ∈ R, definê
The collection of lattices {V x,r } is the Moy-Prasad filtration onV associated to x. It is immediate thatV x,r+1 = zV x,r . Note thatV x,r /V x,r+ ∼ =Vx,A 0 (r) = {0} if and only if there exists χ ∈ X * (T ) such that V χ = {0} and r − χ(x) ∈ Z. We call these real numbers the critical numbers of V at x and denote the set of such points by Crit x (V ). We will write Crit x for Crit x (g). The set Crit x (V ) is a discrete subset of R closed under translation by Z. If V is self-dual, then it is also symmetric around 0. In particular, this is the case for representations such as g and g ∨ on which z acts trivially.
We will usually simplify notation by writingV x (r) instead ofV x,A0 (r). (Given T ′ ⊂ G a maximal torus and
. Accordingly, the grading depends on a choice of apartment. However, we will only consider gradings coming from A 0 .) If z acts trivially on V , then these gradings (and hence, the Moy-Prasad filtrations) depend only on the imagex ∈B of x. In particular, this holds when V is the adjoint or coadjoint representation.
There is also a corresponding filtration {Ĝ x,r } r∈R ≥0 of the parahoric subgroup
To defineĜ x,r , first letT r be the subgroup ofT generated by the images of the ⌈r⌉-th congruent subgroup in o × under each cocharacter λ ∈ X * (T ). Similarly, if ψ ∈ Φ, letÛ ψ,x,r be the image of z ⌈r−ψ(x)⌉ o under the isomorphism F ∼ =Ûψ. The subgroupĜ x,r is generated by theT r and thê U ψ,x,r 's. We setĜ x,r+ = s>rĜ x,s . In particular, we writeĜ x+ =Ĝ x,0+ ; it is the pro-unipotent radical ofĜ x . For r > 0, there is a natural isomorphism G x,r /Ĝ x,r+ ∼ =ĝx,r/ĝx,r+ [23] . Moreover,Ĝ x stabilizesV x,r , andV x,r /V x,r+ is a representation ofĜ x,r /Ĝ x,r+ . Note that when G is a torus, i.e., G = T , then the reduced building is a point. Accordingly, there is a unique Moy-Prasad filtration onT 0 = T (o) andt; the filtration on T (o) is given by the subgroupsT r above.
Moy-Prasad filtrations can also be described in terms of operators related to τ
Proposition 2.2. Let V be a finite-dimensional representation of G, and fix x ∈ A 0 and r ∈ R.
(1) The spaceV x (r) is the eigenspace corresponding to the eigenvalue r inV for the differential operator τ +x.
The setV x (r) constitutes a full set of coset representatives for the coset
Proof. Each of these statements follows immediately from the definitions ofV x (r) andV x,r .
The following lemma allows one to express the action ofN on A 0 in term of the differential calculus above.
Proof. Write n = tn ′ , with t ∈T and n ′ ∈ N . SinceT /T 0 ∼ = X * (T ), we may write t = z y t ′ for some y ∈ X * (T ) and t ′ ∈T 0 . An application of the Leibniz rule shows that
Suppose that X ∈V x,r for some representation V , and let Y = nX ∈V wx,r . We will show that (2) τ (Y ) +ṽY ∈ rY +V wx,r+ .
Assuming this, Proposition 2.2 implies that (ṽ − wx)(Y ) ∈V wx,r+ . Furthermore, if this expression holds for arbitrary V ,r, and Y , thenṽ = wx. (Otherwise, let V be a faithful representation. Then, there exists r ∈ R and an eigenvector in V wx,r /V wx,r+ with nonzero eigenvalue for the action ofṽ − wx, a contradiction.) It remains to prove (2) . However, by part (2) of Lemma 2.2,
It is well-known thatĜ x /Ĝ x+ is isomorphic to a reductive maximal rank subgroup of G. We will need an explicit isomorphism. First, suppose x ∈ A 0 . Let H x ⊂ G be the subgroup generated by T and the root subgroups U α such that dα(x) ∈ Z. Under our assumption that R ⊂ k (so C ⊂ k), H x is the connected centralizer of exp(2πix) ∈ G. Its Lie algebra h x is generated by t and the corresponding u α . Note that H x only depends on the image of x inB. Define a T -equivariant map θ
It is easy to check that θ ′ x satisfies the relations among the generators (see for example [27, Section 9.4] ) and hence is a homomorphism.
, it is clear that dθ x is an isomorphism. The map θ x is thus an isogeny which restricts to an isomorphism on the maximal torus T , hence has trivial kernel. The group H x acts onV x (r) for any r. It is now easy to see that θ x intertwines the representationsV x (r) andV x,r /V x,r+ .
If y = gx for some g ∈Ĝ, then θ x composed with conjugation by g gives an isomorphism θ x,g : H x ∼ →Ĝ y /Ĝ y+ . This map depends on the choice of g. If y = g ′ x also, then g ′ = gh for some h ∈ Stab(x), and θ x,g ′ and θ x,g differ by an outer automorphism of H. However, if Stab(x) =Ĝ x , then θ x,g ′ is just conjugation by θ −1
x (hĜ x+ ) composed with θ x,g . Thus, in this case, the isomorphism is welldefined up to an inner automorphism of H x . In particular, this is true when x lies in a minimal facet (i.e.,Ĝ x is a maximal parahoric) or G is semisimple and simply connected. We sum up this discussion in the following proposition.
(1) The map θ x : H x →Ĝ x /Ĝ x+ is an isomorphism that intertwines the representationsV x (r) andV x,r /V x,r+ for all r. (2) If Stab(x) =Ĝ x , the maps θ x,g induce a compatible family of bijections between the sets of conjugacy classes ofĜ y /Ĝ y+ for y ∈Ĝ · x and the set of conjugacy classes of H x .
We conclude this section with a discussion of filtrations on dual spaces. If W is an o-module, we let W ∨ denote the smooth dual of W , i.e., the o-module of linear functionals W → k which vanish on a congruent submodule z m W . We use the same notation for the usual dual of a finite-dimensional k-vector space V ; indeed, this is just the smooth dual of V viewed as an o-space via o → k.
If V is a representation of G, then we need to consider two affine versions of the dual representation. First, the discussion above defines Moy-Prasad filtrations on (V ∨ ) =V ⊗ F . On the other hand, the space Ω
valued differential forms with coefficients in F is canonically isomorphic to (V )
∨ via the residue map: a one-form ω maps to the functionalω, defined byω(v) = Res ω, v for v ∈V . These two representations ofĜ are isomorphic via (
It is thus only slightly abusive to denote both byV ∨ . However, κ does not take (V ∨ ) x,−r to (V x,−r ) ∨ , and we will reserve the notationV ∨ x,−r for the former.
If one further supposes that V is endowed with a nondegenerate G-invariant symmetric bilinear form (, ), then the resulting isomorphism
If W is an o-submodule ofV , we will denote the annihilator of W with respect to this form by W ⊥ . We now give the basic facts about the relationship between duality and the Moy-Prasad filtration. For the adjoint representation, these results appear in [23, Sections 3.5 and 3.7]. Proposition 2.5. Let V be a finite-dimensional representation of G. Fix x ∈ B and r ∈ R.
(1) The isomorphism κ restricts to giveĜ x -isomorphismsV
Proof. If x ∈ A 0 , these statements are easily checked using the gradings. The general case is obtained by conjugating x into A 0 .
In the situation of part (4), we obtain Crit
2.2. Fundamental Strata. In this section, we generalize the geometric theory of strata for GL n given in [3] to arbitrary reductive groups.
Definition 2.6. Let x ∈ B and let r ≥ 0 be a real number. A G-stratum of depth r is a triple (x, r, β) such that β ∈ (ĝ x,r /ĝ x,r+ ) ∨ .
By Proposition 2.5, we may identify (ĝ x,r /ĝ x,r+ ) ∨ withĝ ∨ x,−r /ĝ ∨ x,−r+ . We will callβ ∈ĝ ∨ x,−r a representative for β if β corresponds toβ +ĝ
If x ∈ A 0 , we letβ 0 denote the unique homogeneous representative inĝ ∨ x (−r). The loop groupĜ acts on the set of strata with g · (x, r, β) the stratum determined by gx, r, and the coset Ad * (g)(β) +ĝ ∨ gx,−r+ . In [3] , we only considered GL(V )-strata defined in terms of lattice chain filtrations. Thus, if (L i ) i∈Z is a lattice chain inV with stabilizer the parahoric subgroup P , then the sequence of congruence subalgebras
i+m for all i} gives the corresponding filtration on gl(V ). It is easy to see that, up to dividing the indices m by the period e of the lattice chain, this is the MoyPrasad filtration for any x ∈ B lying above the barycenter of the simplex inB corresponding to P . Indeed, without loss of generality, one can assume that P is a standard parahoric subgroup coming from T ⊂ B ⊂ GL(V ), where B is a Borel subgroup. If e 1 , . . . e n is an ordered basis compatible with the flag of B, then there exists indices
where a i = e−j e for s j ≤ i < s j−1 . A direct calculation now shows that Crit x = 1 e Z and gl(V ) x,m/e = P m for all m. Strata coming from lattice chain filtrations are thus special cases of GL(V )-strata. We will need to know that certain results from [3] remain true when arbitrary GL(V )-strata are allowed.
We will primarily be interested in strata satisfying a certain nondegeneracy condition. Before describing this, we need some preliminaries.
Recall from geometric invariant theory that if W is a representation of a reductive group H, then a point w ∈ W is called unstable if 0 is in the Zariski closure of the orbit H · W ; otherwise, it is semistable. In characteristic zero, w is unstable if and only if there exists a one-parameter subgroup γ : G m → H such that lim t→0 γ(t) · w = 0. For example, X ∈ĝ is unstable if and only if it is nilpotent. We similarly define a functional inĝ ∨ to be nilpotent if it is unstable.
Definition 2.7. We say that a stratum (x, r, β) is fundamental if the functional β is a semistable point of theĜ x /Ĝ x+ -representation (ĝ x,r /ĝ x,r+ ) ∨ .
In particular, (x, r, β) can only be fundamental when r ∈ Crit x . Suppose that (x, r, β) is a GL(V )-stratum, where the image of x inB is a barycenter corresponding to a lattice chain (L i ) i∈Z as above. Applying Proposition 2.5, we may identify β with a coset in gl(V ) x,−r / gl(V ) x,−r+ . In [3] , we defined (x, r, β) to be fundamental if for any coset representative X ∈ gl(V ) x,−r , X is nonnilpotent. In other words, X is a degree −r endomorphism of the lattice chain, and X n is a degree −nr endomorphism for all powers of X. The following result shows that the two definitions coincide. Proof. Since the stratum (x, r, β) is fundamental if and only if g(x, r, β) is fundamental, it suffices to assume that x ∈ A 0 . Suppose that (x, r, β) is nonfundamental. By Proposition 2.4, the homogeneous representativeβ 0 is an unstable point of the H x -representationĝ ∨ x (−r). Let γ : k * → H x be a one-parameter subgroup for which lim t→0 Ad * (γ(t))(β 0 ) = 0. Letγ : F * →Ĝ be the one-parameter subgroup obtained from γ by extension of scalars. Sinceβ 0 lies in the sum of positive weight spaces for γ, it also is in the sum of positive weight spaces forγ. Thus, lim t→0 Ad * (γ(t))(β 0 ) = 0, andβ 0 is nilpotent.
Conversely, ifβ +ĝ Remark 2.9. The proof of the proposition gives a practical way of determining whether a stratum is fundamental. One conjugates into the standard apartment (or any apartment corresponding to a maximal torus of G) and checks to see if the graded component of the functional is nonnilpotent.
Formal flat G-bundles and fundamental strata
A formal principal G-bundle G is a principal G-bundle over ∆ × . The G-bundle G induces a tensor functor from Rep(G) to the category of formal vector bundles via V → V G = G × G V , and by Tannakian formalism, this tensor functor uniquely determines G. Formal principal G-bundles are trivializable, so we may always choose a trivialization φ :Ĝ → G. Moreover, there is a left action ofĜ on the set of trivializations of G.
A flat structure on a principal G-bundle is a formal derivation ∇ that determines a compatible family of flat connections on V G for all V ∈ Rep(G). In practice, once one has fixed a trivialization φ for G, ∇ may be expressed in terms of a one form with coefficients inĝ. Specifically, φ determines a map fromĝ into End F (V G ). Thus, ∇ acts on V G as the operator
where the first isomorphism depends on the choice of invariant form (, ) and the second is canonical. Thus, we may view these differential forms as functionals. The groupĜ acts on [∇] φ by gauge transformations, namely
The right-invariant Maurer-Cartan form (dg)g −1 lies in Ω 1 F (ĝ) and may be calculated explicitly. Note that if ι τ is the inner derivation by τ , then we can write
3.1. Strata contained in flat G-bundles. In this section, we show how to associate strata to flat G-bundles. We remark that if r > 0, then β is the functional determined by [∇] φ . Since the filtration onĝ depends only on the image of x in the reduced buildingB, it follows that if (x, r, b) is contained in (G, ∇) with r > 0, then the same is true for (x ′ , r, β)
Remark 3.2. In [3] , the association of GL(V )-strata with a formal connection (V , ∇) was slightly different. Definition 4.1 of [3] did not require a stratum (P, r, β) contained in ∇ to be based at a parahoric subgroup corresponding to a facet in A 0 . Instead, P was required to be the stabilizer of a lattice chain L "compatible" with ∇. Containment was then defined in terms of the endomorphism of L induced by [∇ τ ] φ for a trivialization compatible with the lattice chain (as in [3, Remark 2.9]). However, this choice of trivialization identifies P with a standard parahoric subgroup in GL n (o) associated to an optimal point x in A 0 , so there is no loss of generality in restricting to the standard apartment. Once one has made this reduction, the two definitions coincide for r > 0; the normalization term −x dz z , which does not appear in [3] , makes no contribution in this case. This is not true when r = 0. However, to apply results from [3] , we will only need to know that (V , ∇) contains a stratum (x, 0, β) with x an optimal point if and only if it contains a stratum (P, 0, β ′ ). In the latter case, after choosing a trivialization identifying L 0 ∈ L with o n , we see that [∇ τ ] φ ∈ gl n (o). Accordingly, ∇ contains the depth 0 stratum supported at the origin of A 0 determined by [∇] φ . Conversely, suppose that ∇ contains (x, 0, β) for x an optimal point corresponding to the lattice chain L. In general, a nonfundamental stratum provides very little information about a flat G-bundle. However, we will see that all flat G-bundles contain fundamental strata, and the depth of any such stratum determines whether the flat G-bundle is regular singular, and if not, how irregular it is. Moreover, we will see that it always possible to find a fundamental stratum for which x ∈ B is an optimal point in the sense of [23, Section 6] .
We now recall the definition of optimal points. Fix an alcove C ⊂ A 0 , and let Σ C be the collection of minimal affine roots on C, that is, the set of affine roots ψ such that for all x ∈C, 0 ≤ ψ(x) ≤ 1. For any nonempty subset Ξ ⊂ Σ C , define a function f Ξ onC by f Ξ (x) = min{ψ(x) | ψ ∈ Ξ}. Choose a point x Ξ ∈C at which f Ξ attains its maximum value and x Ξ ∈ t Q . We can further assume that x Ξ ∈B. The set of optimal points inC is given by Ψ C = {x Ξ }. It can be shown that Ψ C contains all the vertices ofC ∩B. Example 3.3. For SL(V ), there is no ambiguity about the optimal points in a closed alcove; they can only be taken to be the barycenters of the simplices. With our convention that optimal points are in the reduced building, the optimal points for GL(V ) are also uniquely determined. Thus, optimal points here give rise to lattice chain filtrations.
We will need to understand the effect of change of trivialization on strata contained in G. The following lemma establishes the necessary calculus. (
Proof. By Lemma 2.3, nx ∈ Ad(n)(x) − τ (n)n −1 +t 0+ . Dualizing, we obtain nx (1) follows by applying the gauge transformation formula and substituting the above expression into [∇] nφ − nx dz z . Suppose that X ∈û α ∩ĝ x,ℓ , and write u = exp(X). In order to prove (2) , it suffices to show that
Recall that τ (X) + ad(x)(X) ∈ ℓX +ĝ x,ℓ+ by Proposition 2.2. Thus,
The right hand side of this equation proves the desired result.
Observe that when t ∈ T ℓ , (dt)(t −1 ) ∈ t 1 dz z (resp. t ℓ dz z when t ∈ t ℓ and ℓ > 0). Furthermore, tx =x for all t ∈ T ℓ , since T ℓ ⊆ T 0 . SinceĜ x,ℓ is generated by the root subgroupsÛ α ∩Ĝ x,ℓ and the congruence subgroups T ℓ ⊂ T , statements (3) and (4) now follow from (2).
Recall that strata coming from lattice chain filtrations are special cases of GL(V )-strata. We will need to know that certain results from [3] remain true when arbitrary GL(V )-strata are allowed.
Lemma 3.5. If (V , ∇) contains a fundamental stratum (x, r, β) with respect to the trivialization φ with x ∈C ⊂ A 0 and r > 0, then it also contains a fundamental stratum (x ′ , r, β ′ ) with respect to φ with the same depth and x ′ ∈C an optimal point. Proof. Let y ∈ A 0 be a vertex adjacent to the alcove containing x. Since G = GL n , there exists n ∈N such that ny is the origin and nx is in the fundamental alcove. By Lemma 3.4 part (1), we see that
. It follows that the stratum (nx, r, β ′ ) determined by [∇] nφ is contained in (V , ∇). Moreover, this stratum is fundamental if and only if (x, r, β) is.
Thus, without loss of generality, we can assume that C is the fundamental alcove and x is further in the open star of the origin. In particular, this implies that the corresponding filtration onV gives rise to a lattice chainV x,bj +qe with one term given by V ⊗ o, sayV x,b0 ; here b 0 < b 1 < · · · < b e−1 < b 0 + 1, and the critical numbers of the filtration are precisely at the translates of the b i 's. Up to indexing, this is just the lattice chain described above for the optimal point in the same open facet. Accordingly, the graded pieces of the filtration are given bŷ V x (b j + qe) = span{z q+1 e j | s j ≤ j < s j−1 }. We claim that (V , ∇) contains a fundamental stratum at an optimal point coming from an appropriate sub-lattice chain.
Let X ∈ gl(V ) x (−r) be the graded representative corresponding to the functional β 0 via the trace form as in Proposition 2.5. Since (x, r, β) is fundamental, X is not nilpotent. Hence, for some j, X m is a nonzero map sendingV x (b j ) intoV x (b j − mr) for all m > 0, and so each b j − mr is an integral translate of some b i . Since there are only a finite number of distinct b i 's, r must be a rational number with denominator at most e, say r = a/f with (a, f ) = 1 and 1 ≤ f ≤ e. The set of Remark 3.6. It is not true that x ′ can be taken to be an optimal point in the same open facet as x. The rank 3 connection defined in Example 4.3 contains fundamental strata at x in the fundamental alcoveC for SL 3 precisely for x lying on the line connecting the midpoints of two sides of this triangle.
We can now generalize [3, Theorem 4.10] to allow strata not associated to lattice chain filtrations. Proof. By [3, Theorem 4.10], these statements hold if one only allows x to range over optimal points. We will show below in Proposition 3.11 that if (V , ∇) contains a stratum (x, 0, β), then it also contains a stratum (x ′ , 0, b ′ ) with x ′ in a minimal facet. Since x ′ is an optimal point, slope(∇) = 0 and ∇ is regular singular. We can thus assume that ∇ is irregular singular, i.e., slope(∇) > 0. It now follows from the previous lemma that all fundamental strata contained in (V , ∇) have depth slope(∇). It remains to show that one cannot have a nonfundamental (x, r, β) contained in the connection with 0 < r ≤ slope(∇). However, we show in the proof of Theorem 3.15 below that this implies the existence of (x ′ , r ′ , β ′ ) contained in (V , ∇) with x ′ optimal and r ′ < r. This is a contradiction.
Regular and irregular singularity.
We recall the precise definition of irregular singularity for flat connections. Let V be a vector bundle over Spec(F ) with connection ∇, and fix a lattice L ⊂ V . If e = {e j } is a finite collection of vectors in V , we define v(e) = m if m is the greatest integer such that e ⊂ z m L. Take e to be a basis for V . An irregular connection (V, ∇) has slope r, for r a positive rational number, if the subset of Q given by A formal flat GL(V )-bundle is uniquely determined by the flat connection associated to the standard representation V ; more informally, a formal flat GL n -bundle is the same thing as a rank n formal flat connection. The next proposition says that the notions of irregularity for flat GL n -bundles and for connections coincide. 
is a lattice in W ⊕ W ′ preserved by the connection matrix. Also, if U ⊂ W is a subrepresentation, then U G is regular singular, with corresponding lattice L∩Û . Now, suppose that (V, ρ) is a representation for G. Extending scalars gives a homomorphismĜ → GL(V ), also denoted by ρ, and ρ(T ) = ρ(T ) is a split torus in GL(V ). Proposition 3.10. Let ρ : G → GL(V ) be a representation for G, and fix x ∈ A 0 . Then, there is a uniquely determined ρ * (x) ∈ B GL(V ) that induces the same filtration onV as x. Moreover, gl(V ) ρ * (x),r ∩ ρ(ĝ) = ρ(ĝ x,r ) for all r ∈ R.
Proof. Choose a maximal torus T ρ ⊂ GL(V ) such that ρ(T ) ⊂ T ρ . The induced map on cocharacters X * (T ) → X * (T ρ ) gives rise to a map ρ * :
There is an induced map ρ * : X * (T ) → X * (T ρ ), and we define ρ * (x) ∈ B GL(V ) to be the image of x under this map. Note that ρ * (x) corresponds to the element
First, we show that ρ * (x) is independent of the choice of T ρ . Suppose that T ′ ⊂ GL(V ) is a maximal torus containing ρ(T ). Then, there exists g ∈ GL(V ) such that gT ′ g −1 = T ρ and g centralizes ρ(T ). We must show that g stabilizes ρ * (x). Since a point in the building B GL(V ) is uniquely determined by the induced filtration onV , andV gρ * (x),r = g(V ρ * (x),r ), we need only show that g(V ρ * (x) (r)) =V ρ * (x) (r).
We now apply Proposition 2.2. If v ∈V ρ * (x) (r), then (τ + ρ(x))(gv) = g((τ + ρ(x))(v)) = r(gv), so gv ∈V ρ * (x) (r); here, we have used the fact that τ (g) = 0 and g commutes with ρ(x). A similar argument gives the reverse inclusion.
To prove the remaining statement, observe that (τ + ad(ρ * (x))ρ(X) = ρ(τ + ad(x))(X) for all X ∈ĝ. Therefore, if X ∈ĝ x (r), then ρ(X) ∈ gl(V ) ρ * (x) (r). The usual inductive argument shows that ρ(ĝ x,r ) ⊂ gl(V ) ρ * (x),r .
We now show that X ∈ gl(V ) ρ(x),r ∩ρ(ĝ) implies X ∈ ρ(ĝ x,r ). Take Y ∈ ker(ρ)+ g x,r ′ with r ′ a critical number such that ρ(Y ) = X, and assume that r ′ < r. By Proposition 2.2, we may choose a representative Y r ′ ∈ĝ x (r ′ ) for the coset Y +ĝ x,r ′ + . The argument above shows that ρ(Y r ′ ) ∈ X + gl(V ) ρ * (x),r ′ + . However, since r ′ < r,
we deduce that ρ(Y r ′ ) = 0. By induction on r ′ , we may assume that Y ∈ ker(ρ) + g x,r . It follows that X ∈ ρ(ĝ x,r ).
Suppose that (G, ∇) contains a stratum (x, r, β) with respect to the trivialization φ, and let (V, ρ) be a representation. Since [∇ τ ] φ −x ∈ĝ x,−r , the proposition shows
Applying the residue of the trace form gives a functional ρ(β) ∈ gl(V ) ⊥ ρ * (x),r+ , and we thus obtain a stratum (ρ * (x), r, ρ(β)) contained in (V G , ∇ V ) with respect to the trivialization of V G determined by φ.
Note that this construction immediately shows that slope(∇ V ) is not greater than the minimum depth of a stratum contained in (G, ∇). We will see later that a regular singular flat G-bundle always contains a stratum of depth of 0. 
It follows from [11, Lemme 6.21 ] that (V G , ∇ V ) is regular singular. Alternatively, one can observe that (ρ * (x), 0, ρ(β)) is contained in (V G , ∇ V ) and apply Lemma 3.5.
Proposition 3.12. If (G, ∇) contains a fundamental stratum (x, r, β) of depth r > 0, then either the flat bundle g G corresponding to the adjoint representation has slope r or G has a one dimensional representation W such that W G is irregular singular with slope r.
Proof. Suppose that slope(∇ g ) < r. We will show that G has a character (W, χ) with slope r.
Since (x, r, β) is fundamental, the coset [∇ τ ] φ +ĝ x,−r+ contains no nilpotent elements. (We omit thex term, since r > 0.) Let X ∈ g x (−r) be the graded representative. On the other hand, the corresponding GL(g)-stratum (ad * (x), r, ad(X) Since the connected center
, which is evidently fundamental. Flat line bundles have integral slope, so we obtain the following corollary.
Corollary 3.13. If (G, ∇) contains a fundamental stratum of nonintegral depth r, then slope(g G ) = r.
The main theorems.
Proposition 3.14. Suppose that (G, ∇) contains a fundamental stratum (x, r, β) of depth r > 0. If (y, r ′ , β ′ ) is another stratum contained in (G, ∇), then r ′ ≥ r. Moreover, if r ′ = r, this stratum is fundamental.
Proof. By Proposition 3.12, there is a representation (V, ρ) such that slope(∇ V ) = r. Since (V G , ∇ V ) contains the stratum (ρ * (x), r ′ , ρ(β)), r ′ ≥ r by Lemma 3.5. The same lemma also shows that this GL(V )-stratum is fundamental if r ′ = r. However, it is obvious from the construction of ρ(β) that (ρ * (x), r ′ , ρ(β)) cannot be fundamental unless (y, r ′ , β ′ ) is as well. Proof. We first prove that every flat G-bundle (G, ∇) contains a fundamental stratum (resp. a stratum of depth 0) if it is irregular singular (resp. regular singular). Fix a chamber C ⊂ A 0 , and let Ψ C be the set of optimal points inC. Consider the set of positive real numbers s such that (G, ∇) contains a stratum (x, s, β) with x ∈ Ψ C . This set is clearly nonempty, as any choice of trivialization and optimal point determines a stratum for (G, ∇). Since Ψ C is finite, it attains its lower bound r > 0. Suppose that (x, r, β) is a stratum contained in (G, ∇) such that x ∈ Ψ C and r is the lower bound described above. We write φ for the associated trivialization of G. (1) and (2) now follow immediately from Proposition 3.14.
Next, suppose that r = 0. We have shown that (G, ∇) contains a stratum of the form (x, 0, β) with respect to a trivialization φ, and by Proposition 3.11 we may assume that x is in a minimal facet ∆ ⊂ A 0 . If this stratum is nonfundamental, then dθ * x (β) ∈ h ∨ x is unstable. In particular, there exists a Borel subgroup B β ⊂ H x such that dθ * x (β) ∈ (b β ) ⊥ . Choose h ∈ H x such that hB β h −1 is the standard Borel subgroup B x ⊂ H x containing T coming from a choice of positive roots for G, and let m ∈ G x be a lift of θ x (h). By part (3) of Lemma 3.4, (G, ∇) contains the stratum m · (x, 0, β). Thus, we may assume without loss of generality that the stratum (x, 0, β) satisfies dθ *
⊥ , where b x = Lie(B x ). Let δ ∈ t be the element corresponding to the half sum of positive coroots of H x . We define x ǫ ∈ A 0 viax ǫ =x + ǫδ. For small ǫ > 0, we will show that β 0 +ĝ ∨ x+ ⊂ĝ ∨ xǫ+ . First, since x is a minimal facet, x + ǫδ must be contained in a chamber C with x ∈C for ǫ sufficiently small. (Note that x / ∈ C). Therefore, g xǫ ⊂ĝ x , so taking annihilators givesĝ
xǫ+ . An elementary calculation, using the fact that ad * (ǫδ) has strictly positive eigenvalues on b
⊥ . This proves the assertion above.
Writeβ ǫ =β 0 −ǫδ dz z ∈ĝ ∨ xǫ and let β ǫ be the corresponding element of (ĝ xǫ /ĝ xǫ+ ) ∨ . We deduce that (G, ∇) contains the stratum (x ǫ , 0, β ǫ ) with respect to the trivialization φ. By Proposition 3.11, (G, ∇) contains the stratum (y, 0, β y )for any y ∈C, where
, the proof of Proposition 2.8 shows that this coset is semistable ifỹ =x. Therefore, [∇] φ −ỹ dz z +ĝ ∨ y,0+ has the same property, so (y, 0, β ′ ) is fundamental. In particular, this is true for any optimal point inC besides x, for example, any other vertex ofC ∩B.
Remark 3.16. This theorem and Theorem 3.19 are true for any algebraically closed field k of characteristic 0, without the assumption that R ⊂ k. For such k, one only considers strata based at rational points in A 0 , i.e., x such thatx ∈ t Q . Since optimal points inĀ 0 ⊂B are rational, the proofs remain valid with only slight modifications.
Remark 3.17. If (G, ∇) contains a nonfundamental stratum (x, 0, β) with x in a minimal facet, then the proof above, replacing δ with wδ for w in the Weyl group of H x , gives a construction of a fundamental stratum contained in (G, ∇) at every y = x in the closed star of x in A 0 . Moreover, this stratum induces a fundamental stratum in g G as long as y is not in the same facet as x.
We can now define the slope of a flat G-bundle. This definition makes sense by the previous theorem. It also follows that the slope is always an optimal number, in the sense of [1]-a critical number at an optimal point. (1) the minimum depth of any stratum contained in (G, ∇); (2) the minimum depth of any stratum contained in (G, ∇) and based at an optimal point; (3) the maximum slope of the associated flat connections (V G , ∇ V ); or (4) the maximum slope of the flat connections associated to the adjoint representations and the characters.
Proof. We already observed that slope(∇ V ) is at most the minimum of the depths of the strata contained in (G, ∇). The equivalence of the four characterizations and the positivity statement follow from Theorem 3.15 and Proposition 3.12. The slope is rational, since slopes of connections are rational.
Remark 3.20. Since a formal flat GL n (V )-bundle (G, ∇) may be viewed as a rank n flat connection, there are a priori two notions for the slope of (G, ∇). However, it is obvious that a fundamental stratum contained in (G, ∇) is the same thing as a fundamental stratum contained in (V G , ∇ V ) (with the same depths), so the definitions coincide.
Remark 3.21. We recall an alternate description of slope appearing in [13, Section 5] . Suppose that E/F is a degree e field extension generated by u with u e = z, and let π : Spec(E) → Spec(F ) be the associated map of spectra. A flat G-bundle (G, ∇) has slope n/e with n ∈ Z ≥0 if there exists a trivialization ϕ of the pullback of G to Spec(E) such that
and M n is nonnilpotent. If we let B(E) be the building for G(E) and denote the apartment corresponding to T (E) by A 0 (E), this condition is equivalent to the statement that (π * G, π * ∇) contains a fundamental stratum (o, n, β) based at the origin.
If V is any representation of G, it is easily checked thatV x,r = V (E) ex,er ∩ V . Accordingly, the base change map π * : A 0 → A 0 (E) is defined by π * (x) = ex. Thus, we may define a pullback map on strata: π * (x, r, β) = (ex, er, β ′ ). Here, β ′ is the functional on g(E) ex,er /g(E) ex,er+ determined by the coset in g ∨ (E) ex,−er /g ∨ (E) ex,−er+ generated by a representative of eβ inĝ ∨ x,−r ⊂ g ∨ (E) ex,−er . It is straightforward to check that β ′ is well-defined. Moreover, since β and β ′ have graded representatives differing by a factor of e, Remark 2.9 implies that π * (x, r, β) is fundamental if and only if (x, r, β) is.
If (G, ∇) contains a fundamental stratum of the form (x, r, β) with respect to a trivialization φ, then (π * G, π * ∇) contains π * (x, r, β) with respect to the trivialization π * φ. In particular, if (π * G, π * ∇) has a trivialization satisfying the conditions of (5), then, by Theorem 3.19, n = re. It follows that the description of slope in [13] coincides with our definition.
We remark that there are advantages to the approach taken in this paper. For example, there is no need to pass to a ramified cover in order to put [∇] into the appropriate form; indeed, there is an explicit algorithm appearing in the proof of Theorem 3.15 that allows one to find a trivialization of G with respect to which (G, ∇) contains a fundamental stratum. Moreover, one is able to predict which rational numbers occur as the slope of a flat G-bundle, since these must be optimal numbers forĜ. Finally, a fundamental stratum provides additional structural information about a formal flat G-bundle beyond the slope. This is explored further in [5] .
Examples
In this section, we provide some examples to illustrate the theory. In each example, we write down the matrix for the flat G-bundle (G, n) with respect to a fixed trivialization φ, which will be omitted from the notation. x ) is fundamental for all x ∈ A 0 precisely when X 0 ∈ t − t R . Example 4.2. Suppose that g has connected Dynkin diagram. Let α 1 , . . . , a n be a set of simple roots, and let α 0 be the highest root. Let y −i ∈ u −αi , y α0 ∈ u α0 be a collection of nonzero root vectors, and set X = (z
z . This flat G-bundle contains a stratum of the form (o, m+ 1, β), but it is not fundamental, since it is induced by the principal nilpotent element n i=1 y −i ). However, one readily checks that X ∈ĝ x (−1/h), where h is the Coxeter number and x is any z R -translate of the barycenter corresponding to the standard Iwahori subgroup. Since X is regular semisimple, it follows that (G, ∇) contains a fundamental stratum based at x of depth m + 1 h , which is accordingly the slope. Note that when m = 0, this is the rigid flat G-bundle described by Katz for GL n and Frenkel-Gross in general [13] .
In fact, no other points in A 0 support a fundamental stratum contained in ∇ with respect to φ. To see this, note that X ∈ĝ y,−1/h implies that α i (y) ≤ For SL n , the previous example gives flat SL n -bundles of slope m + 1/n and m + (n − 1)/n. The next example constructs flat SL n -bundles with slopes that are integer translates of 1/(n − 1). Here, ∇ supports fundamental strata on a line in A 0 . For clarity, we take n = 3. . It suffices to find x ∈ A 0 for which the regular semisimple matrix X lies inĝ x (− 1 2 ). Writing x = diag(x 1 , x 2 , x 3 ) with x 1 + x 2 + x 3 = 0, this is equivalent to x 1 − x 2 = 1/2. This is the line connecting the barycenters of the faces of the fundamental alcove where the last simple root α 2 (with respect to the usual order) vanishes and the highest root α 0 equals 1. It is easy to check that x supports a stratum of depth m + 1 2 (with respect to φ) precisely for x on this line. Note that this line does not contain a barycenter of an alcove; if it did, the slope of ∇ would have to be a multiple of 1/2.
A more intuitive explanation is obtained by looking at lattice chains. For any s ∈ Z, write s = 3q + j with 0 ≤ j < 3. Now, define L s be the lattice with o-basis {z q e i | i < j} ∪ {z , and there is a unique point in the building supporting a fundamental stratum for φ with this depth. Indeed, settingx = (x 1 , x 2 , −x 1 , −x 2 ), the 4 inequalities −2x i ≥ −1/2 and 2x i − 1 ≥ −1/2 immediately give x 1 = x 2 = 1/4. This point is the barycenter of the edge of the fundamental alcove where the short simple root α 1 vanishes. Since Y is regular semisimple and is graded with respect to this filtration, the corresponding stratum at x is fundamental.
One can give a lattice-theoretic interpretation here as well. Parahoric subgroups of Sp 2n (k) are stabilizers of symplectic lattice chains: lattice chains which are closed under homothety and duality with respect to the symplectic form [26] . For n = 2, one period of the lattice chain L stabilized by the standard Iwahori subgroup is The edges are obtained from L j for 0 ≤ j ≤ 2, the symplectic lattice chain generated by L i , 0 ≤ i ≤ 2, i = j. In particular, α 1 = 0, α 2 = 0, and α 0 = 1 (with α 2 the long simple root and α 0 the highest root) correspond to j equal to 1, 2, and 0 respectively. We have The previous three examples have the special property that they contain fundamental strata whose graded representative inĝ ∨ has a maximal nonsplit torus inĜ as its connected stabilizer under the coadjoint action. In the case of GL n , these regular strata have been the key ingredient in constructing smooth symplectic and Poisson moduli spaces of connections and have allowed the realization of the isomonodromy equations as an integrable system [3, 4] . Regular strata and flat G-bundles containing them for reductive G are studied in detail in [5] .
